Abstract. In this paper we prove the following theorem: A finite group G is nilpotent if and only if there exists a normal subgroup K of G such that G/K is nilpotent and NQ (P)/Co (P) is a p-group for every Sylow p-subgroup P of K.
Introduction
All the groups considered in this paper are finite and the notations are standard.
A well known conjecture of Zassenhaus' says that G is of prime power order if N G (P) = P for every p € 7r(G) and P e Syl p (G) , where TT(G) is the set of the prime divisors of the order of G, (see [1] X.8.15).
This conjecture was proved by Thompson by using characteristic functor theory (see [1] Theorem X.8.13 and X.8.15).
In [3] , Bianchi, Mauri and Hauck generalized the above theorem and proved that G is nilpotent if NG(P) is nilpotent for every Sylow p-subgroup P of G and every prime divisor p of |G| ( [3] Theorem 2).
Thompson's Theorem ([1] Theorem X.8.13) is the essential tool in their proof which said if NG(P)/CG(P) is a p-group for a prime p > 5 and a Sylow p-subgroup P of G, then O P (G) < G.
In this paper, we will prove the following more general result. is a p-group, where K is any subgroup of G. So (1) implies (2) to (5).
Conversely, let K = G, G' and K00(G) respectively as in the theorem. Since G/K are identity group, abelian group and nilpotent group respectively, the result follows directly from the theorem.
Proof of the theorem
Proof. "=»" If G is nilpotent, we may choose K = 1. It is easy to see that G/L is nilpotent and NG(1)/CG (1) = 1 for the Sylow subgroup 1 of K. "<i=" Suppose to the contrary that the theorem is false and choose G to be a counterexample such that |G| + \K\ minimal. We divide the proof into six steps as follows.
(1) There exists a unique minimal normal subgroup N of G such that N < K and G/N is nilpotent.
In fact, K ^ 1 and we can find a minimal normal subgroup
Since both P L and P are Sylow p-subgroups of PN < K, it follows from the Sylow theorem that there exists an element n of N such that P L = P N . Therefore Zn -1 G NQ(P) and hence L < NQ(P)N.
The group
By the standard isomorphism theorems, NQ(P)/CQ(P)
is a p-group as it (2) G = K and N is nonsolvable.
is ap-group for every Sylow p-subgroup P of K. The minimality of G implies that K is nilpotent. By (1), K = P is a p-group for a prime p. Since (1), G is solvable and so N ( as a minimal normal subgroup of G) is an elementary Abelian p-subgroup. Since G/N is nilpotent, we have that P < G. Since G = K, the hypotheses implies that Q < C G (P) for every Sylow ^-subgroup Q of G, where q^p is a prime divisor of |G|. Now we can easilly see that N is a minimal normal subgroup of P and hence N < Z(G), and therefore G is nilpotent, contrary to our choice.
(3) N is a non-abelian simple group. By (1) and (2) , N is characteristic simple and hence N is a direct product of isomorphic non-abelian simple groups, Ni x iV2 x • • • x N m say. Now G acts transitively on the set f2 = {Ni, N2,..., N m }. Let $ be the corresponding permutation representation of G on fi and T be the kernel. Then T = ^ie{i,...,m}N G (Ni). T is a normal subgroup of G and certainly it contains N. Now we prove that T = G.
Since G/N is nilpotent, we have that NP < G and it follows from the Frattini argument that N G (P)N = G for any Sylow subgroup P of G. Let p G 7r(N) and P be a Sylow p-subgroup of G. P n N G Syl p (N) and P n N = Pi x P 2 x • • • x P m where Pi = P (1N n Ni is a Sylow p-subgroup of Ni. 
(5) Let p be the largest prime divisor of \N\. The Sylow p-subgroups of G axe contained in N.
Since p be the largest prime divisor of \N\ and N is simple, then by Proposition from [3] , p does not divide |Oui(iV)| and hence p does not divide |G/JV|. Therefore any Sylow p-subgroup P of N is a Sylow p-subgroup of G and (5) holds. and NG(P)/CG{P) is ap-group by hypotheses, NN(P)/CN(P) is ap-group for the Sylow p-subgroup P of N. It follows from [B-H] X.8.13 that N contains a non-identity proper normal subgroup, which violates (1). This completes our proof.
